Photon indistinguishability plays a fundamental role in information processing, with applications such as linear-optical quantum computation and metrology. It is then necessary to develop appropriate tools to quantify the amount of this resource in a multiparticle scenario. Here we report a four-photon experiment in a linear-optical interferometer designed to simultaneously estimate the degree of indistinguishability between three pairs of photons. The interferometer design dispenses with the need of heralding for parametric down-conversion sources, resulting in an efficient and reliable optical scheme. We then use a recently proposed theoretical framework to quantify genuine four-photon indistinguishability, as well as to obtain bounds on three unmeasured two-photon overlaps. Our findings are in high agreement with the theory, and represent a new resource-effective technique for the characterization of multiphoton interference.
I. INTRODUCTION
Photon indistinguishability is a key concept in quantum physics, which can be characterized via two-particle interference [1] . From the first experimental observation carried out using entangled photons produced by a parametric down-conversion source [2] , the quantum signature of this phenomenon, known as Hong-Ou-Mandel (HOM) effect, has proved to be essential for tasks such as characterization of single photon sources, practical protocols of quantum communication [3] [4] [5] [6] [7] [8] and quantum computation. Recent proposals use two-photon interference for the realization of two-qubit gates, essential elements for photon-based quantum computing schemes [9] . Multiphoton interference is at the core of the computational complexity of linear optical networks, as exemplified by the Boson Sampling problem [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] . This problem, solved naturally by multiphoton interference, shows that simulating the dynamics of indistinguishable photons is likely to be hard for classical computers, which also suggests that certification of genuine multiphoton interference is a difficult problem [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] .
Due to the fundamental role of such quantum effects in quantum information and quantum optics, recently much effort has been devoted to increasing the number of interfering particles, and to the development of new methods to characterize the amount of indistinguishability of multiphoton states produced by single-photon sources. These methods aim to find effective strategies in terms both of physical and computational resources needed to address the problem. Many techniques are based on bosonic coalescence [15, 37] , i.e. the tendency of indistinguishable photons to come out from the same port of an interferometer, which can be viewed as generalizations of the original two-photon HOM effect to the * nicolo.spagnolo@uniroma1.it case of multiple ports and photons [17, 29, 39, 40, 43, [45] [46] [47] [48] [49] .
Here we present an approach for quantifying indistinguishability in multiphoton experiments. To this aim we focus on extracting information from sets of two-photon HOM experiments realizable in a single inteferometer with a suitable design. We describe each possible experiment by a graph, with nodes representing photons and edges representing two-photon HOM tests [50] . As we discuss in the following, this method provides a simple and efficient design capable of quantifying genuine multiphoton indistinguishability. Indeed, a test based on logical constraints, theoretically introduced in Ref. [51] , results in lower bounds for the amount of such quantity. In this work we experimentally demonstrate the effectiveness of this approach, furnishing an extensive experimental study of genuine indistinguishability in a four-photon state. We also demonstrate other useful predictions of the model, which greatly simplifies the experimental effort for the complete characterization of pairwise overlaps of multiphoton states [51] . Simply put, the theory allows us to infer precise bounds on pairwise overlaps not accessible or measured directly by the experiment, based on information on the overlaps that were actually measured. The predictions we obtain on the unmeasured overlaps inferred from experimental data represent the first application of such techniques for a multiphoton state. By slightly changing the experimental set-up, we were able to directly confirm the theoretical prediction for one of the previously unmeasured overlaps.
Our results confirm the feasibility of the method when applied to an actual physical system. In particular, the special design of the interferometer allows to perform the experiment with a parametric down-conversion source without the need for heralding. This represents a demonstration of a practical approach to the characterization of multiphoton sources, which promises to decrease the experimental effort required to benchmark future deterministic single-photon sources [52] [53] [54] in the regime of high number of photons [19] [20] [21] [22] .
II. QUANTIFYING FOUR-PHOTON INDISTINGUISHABILITY
In the recent Refs. [50, 51] , an approach was theoretically proposed to characterize multiphoton indistinguishability, based on two-photon HOM tests and constraints imposed by logic and quantum theory. Here we review the main concepts of this approach, as applied to the case of interest for the experimental implementation we report in Section III.
Consider a weighted, undirected, linear graph P 4 with four vertices A, B, C and D, and three edges r AB , r BC and r CD (see Fig. 1 ). Vertices correspond to singlephoton states, and the edge weights to the overlap r ij = T r(ρ i ρ j ) between the states of photons i and j. Each overlap r ij can be estimated experimentally via the probability of bunching p ij b in a HOM test between photons i and j, as they are related by [55] :
Moreover, it is possible to experimentally estimate multiple overlaps using a single interferometer, by measuring the probability of bunching at each output port. In Fig. 1 we show such an interferometer, which we can use to estimate the three overlaps for the P 4 graph. We discuss the quantification of multiphoton indistinguishability for states of two different types undergoing the test represented by the graph of Fig. 1 . These two models allow us to quantify genuine indistinguishability, as well as to infer bounds on pairwise overlaps that have not been measured. The first model we consider consists of (generally mixed) four-photon states of the form:
where ρ 1 is a state of 4 perfectly indistinguishable photons, and ρ ⊥ s are pure states where every pair of photons is either perfectly identical or orthogonal (i.e. distinguishable), and at least two photons are orthogonal. In the rest of the work we will refer to this model as (i ). Following the approach of Ref. [50] , we identify the degree of multiphoton indistinguishability of state (2) with the value of c 1 , as it is the probability associated with preparing perfectly indistinguishable photons. States of the form (2) above were called "classical" in Ref. [51] , as there exists some basis in which they are diagonal and thus display no coherences.
In Ref. [50] it was shown that the HOM probabilities of bunching could be used, in a suitable family of interferometers, to obtain non-trivial bounds for c 1 . These interferometers, which perform multiple HOM tests, can be described as star graphs, where HOM tests are represented by a central vertex connected to all the others. As shown in Supplementary Information, a similar argument can be made for the interferometer in Fig. 1 , associated with graph P 4 (the possibility to find bounds for c 1 is implicit in the more general results of Ref. [51] ). More explicitly, we show that c 1 is bounded by:
Then, the measurement of r AB , r BC and r CD via the three HOM tests in the interferometer in Fig. 1 enables us to quantify the degree of indistinguishability. We are interested in inferring the values of the overlaps which were not measured by our interferometer: r AC , r BD , and r AD . In particular, it is easy to check that c 1 in Eq. (2) is a lower bound for the estimate of all overlaps r ij , hence the lower bound in Eq. (3) also applies to them. More stringent bounds can be found by applying the results of Ref. [51] to the four-photon state (2) undergoing measurements at the output of the interferometer in Fig. 1 , obtaining (see Supplementary Information):
r AC − r AB − r CD , r CD − r AB − r BC ).
We will now retrieve corresponding bounds for states described by a second model, which we label (ii ). We assume that our four-photon state is pure and separable, i.e. of the form |A ⊗ |B ⊗ |C ⊗ |D . We do not constrain the pure states describing different photons to be either identical or completely distinguishable. Ref. [51] obtains general bounds for unmeasured overlaps of such product states. In the case of a four-photon state it is possible to show that:
and, if r AB + r BC > 1,
otherwise r AC ≥ 0. By permuting indices B → A, C → B, and D → C, the inequalities above also give upper and lower bounds for r BD . We can then prove bounds on the unknown overlap r AD by applying the same reasoning above, but using r AB and the inferred range for r BD (alternatively, using r CD and the inferred range for r AC ). These bounds are discussed in detail in Supplementary Information. We note that the two models (i ) and (ii ) we consider are different approximations of the four-photon input state. The ideal case of four perfectly indistinguishable photons corresponds respectively to c 1 = 1 in the state described by Eq. (2) and to state |ψ ⊗ |ψ ⊗ |ψ ⊗ |ψ in our product-state model. The aim of this analysis is to apply these two descriptions to a four-photon state produced by a non-deterministic single-photon source, with the goal of quantifying the indistinguishability and providing estimations of unmeasured overlaps.
III. EXPERIMENTAL IMPLEMENTATION
In this section we describe the experimental apparatus we use to quantify four-photon indistinguishability (Fig. 2) , and also to obtain bounds for the unmeasured two-state overlaps.
To generate our input states we employ double-pair emission from a Type-II spontaneous parametric downconversion (SPDC) source, where all four photons are spectrally filtered by means of 3 nm band-pass filters. In the first stage after photon generation, photons in input modes (B,C) propagate through a pair of beam splitters, implemented as a sequence of a half wave-plate and a polarizing beam splitter. This set of optical elements implements the first layer of the interferometer shown in Fig. 1 . In the second stage, all 6 modes are coupled in single-mode fibers, and propagate through polarization control stages and a set of delay lines to modulate their degree of indistinguishability. In the third stage all photons, in superposition over the six modes, are coupled to three single-mode fiber beam splitters (SMFBSs), corresponding to the second layer of the interferometer, where Hong-Ou-Mandel tests are performed. Finally, the output modes of each FBS are connected to multimode fiber beam splitters to enable approximate photon-number resolving detection. Four-photon coincidence events are then recorded via 12 single-photon avalanche photodiodes and a coincidence detection apparatus.
An important experimental characteristic of the inter- ferometer in Fig. 1 is that it enables four-photon experiments without the need for heralding. To understand this feature, let us start by considering only the input states corresponding to the generation of two photon pairs, which are described by the occupation numbers {(1, 1, 0, 0, 1, 1), (2, 2, 0, 0, 0, 0), (0, 0, 0, 0, 2, 2)}. The structure of interferometer in Fig. 1 is such that all output configurations accessible to input state (1, 1, 0, 0, 1, 1) are different from those associated to the other two (double pair) inputs produced by the source. This observation makes it possible to unambiguously post-select only those output events corresponding to the desired four-photon input state (1, 1, 0, 0, 1, 1) with no need for heralding (see Supplementary Information for further details).
The complete set of probabilities associated to all four-photon output configurations is shown in Fig. 3 . We have identified six interesting input configurations, corresponding to different situations of pairwise indistinguishability, which we labelled as {XXXX, XXXY, XXYY, XXYZ, XYYZ, XYWZ} (where identical letters denote ideally indistinguishable photons). The XXXX configuration corresponds to the fully indistinguishable case, while in the other cases the number of distinguishable photons increases up to the fully distinguishable state XYWZ. We obtained fine control over pairwise distinguishability by tuning the temporal delays.
For each class of input state we collected N ≥ 10 4 events. Fig. 3 shows the values of the distributions corresponding to the experimental data p m , compared against the expected distributions p e that take into account partial indistinguishability and multi-pair contributions (see Supplementary Information for more details). In particular, to estimate p e we considered probabilistic mixtures of states in which pairs of photons can only be either identical or perfectly distinguishable, as prescribed by model (i ). The agreement between measured p m and expected distributions p e is quantified using the Total Variation Distance (TVD), defined as TVD = 1/2 i |p m i − p e i | (see Fig. 3 ). The comparison with the data confirms that p e reproduces very well the distribution associated to the state when projected on the basis of the occupation numbers in the output modes.
A. Determining genuine multiphoton indistinguishability
In Section II we have seen that for classical states it is possible to use measured overlaps to bound the amount of genuine multiphoton indistinguishability, as characterized by coefficient c 1 in Eq. (3). For the XXXX configuration, the obtained bounds for c 1 are 0.34 ± 0.01 ≤ c 1 ≤ 0.640 ± 0.008, indicating the presence of genuine four-photon indistinguishability by 31 standard deviations. As expected, the other input states do not display any level of genuine four-photon indistinguishability (as c 1 = 0). Indeed, configurations different from XXXX have been measured to confirm the effectiveness of the method. The reported data show that each state with at least one photon distinguishable from the others does not display any statistically significant component of genuine multiphoton indistinguishability. The resulting bounds for c 1 for these states are reported in Table I . Fig. 3 . All the errors are derived from Poissonian uncertainties associated to photon counts and then propagated via Monte Carlo methods.
In Fig. 4 , each configuration has been represented in the space spanned by the three relative delays (∆x AB , ∆x BC , ∆x CD ). The plot shows the predicted surfaces corresponding to the lower bound for c 1 , defined in Eq. (3), calculated for Gaussian overlaps (r AB , r BC , r CD ) with respect to the relative delays in the ideal case (pink surface) and by considering partial photon indistinguishability corresponding to the adopted source (green surface). For each of the two scenarios, all points enclosed within the corresponding surface lead to a non-trivial lower bound for c 1 , which characterizes genuine multiphoton indistinguishability. The parameters adopted for the calculation of the two surfaces are inferred from the widths and visibilities of the HOM dips (further details on HOM measurements and on the estimation of the surfaces are given in Supplementary Information). The ratio between the volumes enclosed in the two surfaces, V a for the pink one and V b for the green, is V b /V a ∼ 0.525, thus confirming that the region corresponding to a non-trivial lower bound for c 1 is smaller when experimental imperfections are taken into account.
B. Determining unmeasured overlaps
Our experimental apparatus measures a set of three two-photon overlaps: r AB , r BC and r CD . The theoretical results described in Section II allow us to obtain bounds on the unmeasured overlaps r AC , r BD and r AD . As discussed previously, this can be done assuming two different models, (i ) and (ii ), for the states we prepare. The first model assumes that the state is classical, i.e. a coherence-free mixture of states for which every pair of photons is either distinguishable or identical to each other. The second model assumes that the four photons are in a tensor product of pure states with any degree of two-photon indistinguishability. It is worth noting that both models could reproduce well the behaviour of the generated four-photon states in the basis of mode occupation numbers, and can thus be employed to infer predictions on the four-photon state indistinguishability. In Table II we report the calculated upper and lower bounds for unmeasured overlaps, using the two models. As we can see, for all cases where unmeasured overlaps were expected to be non-zero, we obtained lower bounds consistent with this expectation. This includes positive values for the three unmeasured two-photon overlaps for input XXXX, as well as a positive value for r AC for input XXXY.
The interferometer we have implemented allows, with a slight change in the set-up, to verify directly the prediction of Table II regarding the overlap r AD . This is possible by swapping photons A with C and B with D at the input of the interferometer, by acting on the polarization degree of freedom of the source (see Fig. 5 ). This operation results in measurements corresponding to the graph C-D-A-B, all performed with input configuration XXXX. The new measurements for overlaps r AB , r CD resulted in values r CD = 0.86(1), r AB = 0.842 (8) . Interestingly, we can now estimate also the previously unmeasured r AD [r AD = 0.65(1)]. The new measurements of overlaps r AB and r CD are compatible with the values obtained with the previous set-up, while the new measured value for r AD is compatible with the previously derived upper and lower bounds.
IV. DISCUSSION
Multiphoton indistinguishability is a promising resource for quantum information processing, and so it is crucial to identify genuine instances of it, as well as characterize it efficiently [50, 51] . Here we have experimentally demonstrated an approach to quantify genuine multiphoton indistinguishability in a four-photon experiment. We also characterize the degree of two-photon indistinguishability without the need for direct measurements of all two-photon experiments. A fundamental advantage of our approach is the use of a single interferometric set-up to effectively implement multiple HongOu-Mandel tests. The experimental data, besides this direct characterization of the methodology introduced in Refs. [50, 51] , can be used to bound all the unmeasured two-photon overlaps. Our interferometer design allows for the use of multiple parametric down-conversion single-photon sources, without the need for heralding. These features showcase the promise of our approach for the characterization of future multiphoton sources. In particular, the method could find applications in the case of deterministic sources [52-54, 56, 57] , which have been recently identified as a promising route to obtain larger photon numbers with high purity [19] [20] [21] [22] . This supplementary material provides some further details both on the experimental and the theoretical background of the work. It is structured as follows. The first section illustrates the characteristics of the experimental platform, with comprehensive details about the single-photon source, the interferometer and the detection. Then we describe the preliminary characterization of the state generated by the source. The third section analyzes the post-selection of the output states. The fourth and fifth sections describe the model employed to calculate the expected distribution, taking into account the noise due to multi-pair emission from the source and the partial photon indistinguishability. In the last section we describe how we can estimate bounds on the genuine indistinguishability coefficient c 1 , as well as how to obtain lower and upper bounds for the unmeasured overlaps.
I. EXPERIMENTAL IMPLEMENTATION
In this section we describe the experimental apparatus used to quantify four-photon indistinguishability, shown in Fig. 2 of the main text.
Let us first discuss the apparatus adopted for singlephoton generation. Single photons were generated by two parametric down conversion (PDC) sources, occurring in a single nonlinear crystals (BBO) injected by a 600 mW pulsed pump field (λ = 392.5 nm). The generated twophoton pairs centered at 785 nm were filtered by 3 nm interferential filters (Semrock). Each photon source generates photons with orthogonal polarizations [horizontal (H) and vertical (V ) polarizations] in two spatial modes L and R, according to the configuration shown in Fig.  S1 . Photons from the different sources are then separated in different spatial modes by means of polarizing beam splitter (PBS). The output state of each source is:
where n is the number of the generated pairs. The quantity g is smaller then 1 (g ∼ 0.1 in our case), such that the creation of a large number of photon pairs is negligible. The state employed in our test corresponds to a * nicolo.spagnolo@uniroma1.it four-photon generation event, when each source generates a single photon pair. We use the post-selection to select the simultaneous generations of a photon pair in each source, and to separate those events corresponding to different input states (see Sec. III). By using this configuration, one source injects photons A and B in modes 1 and 2 of the interferometer, while the other source injects photons C and D in modes 5 and 6 (see Fig. S2 for a scheme of the apparatus equivalent to the actual set-up shown in Fig. 2 
of the main text).
The first layer of the interferometer is realized by inserting two beam splitters (BS) on input modes 2 and 5. In this way the four-photon input is probabilistically split to six modes (1,2,3,4,5,6). Each BS of the first layer is realized with a half-wave plate and a PBS. In this way we obtain a BS with adjustable reflectivity, leading to the capability of setting the transmittivity to 50% for each BS. Then, all 6 modes are coupled to single-mode fibers.
The second interferometer layer is obtained by connecting mode pairs 1-2, 3-4, and 5-6 to three single-mode fiber beam splitters (SMFBS), where Hong-Ou-Mandel tests are performed. Before this stage, it is necessary to control indistinguishability of the photons in all degrees of freedom. In order to control the input polarization of each incoming photon, we employed a polarization control stage on each mode. Time differences between input photon paths are adjusted via delays inserted on one input mode of each SMFBS. The output modes of each SMFBS correspond to the six output modes of the interferometer.
Finally, detection is performed by avalanche photodiodes (APD), employed to measure the output state by counting the coincidences between the detectors. Before the detectors, each output j is connected to a multimode fiber beam splitter (MMFBS), used to add photon number resolution capabilities to the apparatus. Indeed, when two photons are injected in the MMFBS on mode j, the latter separates probabilistically the two photons on the output modes j and j . A coincidence between modes j and j corresponds to the detection of two photons on output mode j of the interferometer.
One advantage of the described interferometer is the possibility of performing the four-photon tests without the need for a heralding photon. Indeed, in order to select the desired initial state, we can apply post-selection to the experimental data. This procedure is described in Sec. III. 
II. PRELIMINARY CHARACTERIZATION OF PHOTON INDISTINGUISHABILITY
In this section we report the preliminary characterization of the actual degree of indistinguishability in the four-photon state produced by the source.
The indistinguishability characterization proposed in this work is based on measuring bunching probabilities p b in Hong-Ou-Mandel (HOM) interference experiments. The bunching probability p b is related to the overlap r between two photons (p b = 1+r 2 ), which in turn corresponds to the visibility V of HOM dips. To obtain a preliminary characterization of the source we have performed independent HOM interference experiment for pairs {(A,B), (B,C),(C,D), (A,D)}, by injecting the different photon pair combinations directly in the input port of a balanced fiber beam splitter. The measured interference fringes, are reported in Fig.S3 . The pairs {(A,B), (C,D)} are produced by the same pump-photon, so that the HOM dips can be retrieved by recording two-fold coincidences. Pairs {(B,C), (A,D)}, correspond to one photon from each source, thus requiring four-fold coincidence detection. The resulting visibilities suggest that the four-photon state has a residual degree of distinguishability deriving from spatial and spectral correlations present in photons belonging to the same pair. In particular, such correlations are reflected in the lower visibility (V BC,AD < 0.90) of HOM dips between photons belonging to different pairs.
III. IDENTIFICATION OF THE OUTPUT DISTRIBUTION
In this section we describe the post-selection of the experimental data to identify those events corresponding to the correct input state. Such post-selection procedure allows us to verify which measured events are related to an input state with one photon for each mode of the interferometer, without the need for heralding. Given the photon generation apparatus described previously and in the main text, three four-photon input states are possible. These three input states correspond to the following configurations (see Fig. S1 )
If we denote the input states as (n 1 , n 2 , n 3 , n 4 , n 5 , n 6 ), where n i is the number of photons in mode i, the three possible configurations correspond to the input states (2, 2, 0, 0, 0, 0), (0, 0, 0, 0, 2, 2) and (1, 1, 0, 0, 1, 1) respectively. Post-selection of the experimental data is performed by observing that the output configurations generated by the these input states are disjoint, as shown in Fig. S4 . By exploiting this property, it is possible to uniquely determine the input state if a given output configuration is observed. In other words, there is a one-to-one correspondence between possible inputs and observed output configurations. In the experiment, we selected those outputs corresponding to the requested input state (1,1,0,0,1,1) , that are marked in green in Fig. S4 .
IV. MODEL OF THE EXPERIMENTAL DISTRIBUTIONS
Here we discuss a theoretical model describing the measured distributions. The corresponding experimental apparatus is shown in Fig. 2 of the main text. The main sources of imperfections in the experimental apparatus are partial photon indistinguishability, higher order photon number emission terms, non-ideal BS transmittivities, losses and limited detection efficiency. A full scheme of the adopted modelization is shown in Fig. S2 .
The photon source, as discussed in Sec. I, corresponds to two independent sources emitting photon pairs on input ports (1,2) and (5,6). The main term is obtained from the emission of one photon pair per source, thus corresponding to one photon for each of the four injected input form: (1,1,0,0,1,1) . As discussed in Sec. II, the emitted photons present a non-unitary degree of indistinguishability, quantified by the visibility of the HOM interference pattern directly measured after a 50/50 beam splitter. Hence, the evolution for each pair of photons (i, j) interfering in layer 2 of the interferometer (see Fig.  S2 ) can be modelled by a two-photon density matrix of the form ρ ij = V ij ρ ind + (1 − V ij )ρ dis . Here, ρ ind stands for a state with two fully indistinguishable photons, ρ dis stands for a state with two fully distinguishable particles, and V ij is the two-photon visibility.
Given the probabilistic nature of the photon source, there is also a non-zero probability that higher order emission terms are generated. More specifically, while the four-photon state (1,1,0,0,1,1) is generated with probability p (1,1,0,0,1,1) = tanh(g) 4 / cosh(g) 4 , six photon contributions (2,2,0,0,1,1) and (1,1,0,0,2,2) are generated with probability p (2,2,0,0,1,1) = p (1,1,0,0,2,2) = tanh 6 (g)/ cosh 4 (g). In our source, the parameter g has been estimated from the number of generated photons and detected coincidences, having a value g ∼ 0.1. Given the presence of losses and non-photon number resolving detectors, those six-photon terms can contribute to the output distribution from which the bunching probabilities are estimated.
Other sources of imperfections are given by the interferometric structure. Layer 1 of the interferometer has been implemented by half wave plates and PBSs, as shown in Fig. 2 of the main text. Hence, the reflectivies of beam splitter BS (1) 23 and BS (1) 45 , can be considered to be R ∼ 1/2. Layer 2 has been implemented by a set of single-mode fiber beam splitters, whose reflectivities have been directly measured to be R(BS 56 ) ∼ 0.498 respectively. Losses within the interferometer are mostly localized between layer 1 and 2, and are modeled as a fictitious BS of transmittivity η i . Losses are due to fiber coupling from the source (η ∼ 0.4), fiber-to-fiber coupling in delay lines (η ∼ 0.7), and insertion losses in single-mode fiber beam splitters (η ∼ 0.7). Furthermore, additional losses (η ∼ 0.625) have been measured in mode 5 due to the presence of an extra fiber-to-fiber coupling stage.
Finally, the detection apparatus is composed of MMFBS and single-photon avalanche photodiodes (APD). The latter are non-photon number resolving detectors that click with probability P det (η) = 1−(1−η det ) n where n is the number of impinging photons and η det the detection efficiency (η det ∼ 0.6). MMFBS are employed to obtain (probabilistically) photon-number resolution capabilities to the apparatus. The measured reflectivities for the employed beam splitter BS 
V. SURFACE OF THE TRIVIAL LOWER BOUND FOR C1
In this section we discuss the model for the calculation of the surfaces, reported in the main text, corresponding to the conditions that lead to a trivial bound for c 1 . In particular such calculation provides information on the temporal delays needed to find a non-zero contribution of genuine multiphoton interference. A simple way to deal with the multiphoton state for a given set of relative delays is to consider each single-photon state having the same spectrum, that is, a gaussian function centered at the same frequency ω 0 . Hence the state |ψ i (t) of a photon arriving at time t in the interferometer can be expressed as follows:
where ∆ω is the spectrum's width and a † i,ω is the bosons creation operator. Then, the overlap between pairs of photons, in the same spatial mode k, is described by
According to this model we can reconstruct the transition from the fully indistinguishable four-photon state to other configurations with different degree of distinguishability depending on the relative temporal delays. Consequently, we can also provide an expression for the lower bound of c 1 , defined as the quantity r AB + r BC + r CD − 2 introduced in Eq. (3) of the main text. To this aim, in order to furnish a proper description of the state for any relative delays, we can express it as a convex combination of all the possible configurations in which one and more photons in the four-tuple are fully distinguishable from the remaining others, according to the model (i ) described in the main text. For the present interferometer and input state, this complete ensemble includes only 8 configurations s = {XXXX, XYYY, XYXX, XXYZ, XXXY, XXYY, XYYZ, XYWZ}. Indeed the small number of different output distributions is due to the sym- metry of the logical test that requires photons interfering pairwise. Then we have:
where N is a normalization constant, ρ s the density matrix associated to each configuration and the αs are quantities related to the pairwise overlaps for a given delay. In particular, for instance considering the pair (A, B), they have the following expression:
The pink surface reported in Fig. 4 in the main text shows the resulting condition c 1 in the space of the relatives delays expressed as a function of ∆x ij = c∆t ij . Such naive model for the four-photon state captures some features of the actual state produced by the source and by post-selection of the output states. Indeed the shapes of HOM dips in Fig. S3 show that a gaussian spectrum is a good approximation to the actual one, which is in turn the result of the convolution between the spectra produced in the SPDC process and the narrow-band filters placed in the apparatus. During the calculation of the surface, we use as ∆ω the widths of the measured HOM dips. However, the expression (S3) for the overlaps does not reflect the experimental dip visibilities V ij , obtained during the preliminary characterization of the state in Section II. Indeed the model predicts ideal overlaps for zero relative time delays. A step further in the model is to reformulate the expression (S3) so that r ij (0) = V ij . A possible solution is provided by the following expression r ij (∆t ij ) = V ij e 
which, inserted in (S4), produces the green surface in Fig. 4 of the main text. Note that this new surface explains why the configurations {XXXY, XXYY} do not lie on the bound as predicted by the model for the pink surface. Furthermore, in the condition of zero delays, we obtain the following state:
used as a model to obtain the theoretical output distributions for the "XXXX" state. The volume enclosed in each surface corresponds to the configurations where the input state is expected to possess a component of genuine indistinguishability. The ratio between the two volumes amounts to ∼ 0.525. The actual ratio is even smaller if we take into account also the noise due to multi-pair emission in the SPDC, as explained in the previous section. However, it is worth noting that this limitation does not exist in the case of non-probabilistic single-photon sources such as quantum dots.
VI. GENUINE FOUR-PHOTON INDISTINGUISHABILITY AND BOUNDS ON UNMEASURED OVERLAPS
In this Section we show how to extend the results of [1, 2] to obtain the lower and upper bounds on the unmeasured overlaps, as well as on c 1 [i.e. Eqs. (3)-(10) in the main text]. In Sec. VI A we focus on the bounds obtained assuming a classical model for our photonic states, in which we have convex combinations of single-photon states which are pairwise identical or orthogonal (model (i) in the main text). In Sec. VI B we obtain the bounds assuming a pure product-state model (model (ii) in the main text).
A. Bounds for classical states
Suppose we have a four-photon state given by a classical model, i.e.
where ρ ind is a state of four perfectly indistinguishable photons, and ρ ⊥ s are pure states in a fixed basis with at least one pair of mutually orthogonal photons. We note that the state of Eq. (S7) is of this form. Suppose also that we have, as experimental data, the overlaps r AB , r BC , and r CD given by
where p ij b is the probability of bunching in a HOM experiment between photons i and j. We now show how to obtain bounds for the parameter c 1 in Eq. (S8) (identified in [1] as a measure of genuine four-photon indistinguishability) and the unmeasured overlaps r AC , r BD , and r AD (as discussed in [2] ), in terms of the known twophoton overlaps. In the formalism of [2] , this situation corresponds to known two-state overlaps described by the P 4 graph shown in Fig. S5(a) have three logical propositions, a 1 , a 2 , and a 3 , and let p(a i ) be the probability that a i is true. Consider the truth table (I) for the AND function of the three propositions. We can now interpret each row in Table (I) four-dimensional vector. These vectors are the extremal points (vertices) of a polytope, and any logically consistent vector corresponds to a point in this polytope [i.e. a convex combination of the rows of Table (I) ]. The faces of this polytope correspond to linear logical inequalities that must be satisfied by any consistent set of probabilities [2] [3] [4] . It is a simple computational task to obtain
